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Black hole solutions in general relativity are simple. The frequency spectrum of linear pertur-
bations around these solutions (i.e., the quasinormal modes) is also simple, and therefore it is a
prime target for fundamental tests of black hole spacetimes and of the underlying theory of gravity.
The following technical calculations must be performed to understand the imprints of any modi-
fied gravity theory on the spectrum: 1. Identify a healthy theory; 2. Find black hole solutions
within the theory; 3. Compute the equations governing linearized perturbations around the black
hole spacetime; 4. Solve these equations to compute the characteristic quasinormal modes. In this
work (the first of a series) we assume that the background spacetime has spherical symmetry, that
the relevant physics is always close to general relativity, and that there is no coupling between the
perturbation equations. Under these assumptions, we provide the general numerical solution to
step 4. We provide publicly available data files such that the quasinormal modes of any spherically
symmetric spacetime can be computed (in principle) to arbitrary precision once the linearized per-
turbation equations are known. We show that the isospectrality between the even- and odd-parity
quasinormal mode spectra is fragile, and we identify the necessary conditions to preserve it. Finally,
we point out that new modes can appear in the spectrum even in setups that are perturbatively
close to general relativity.
I. INTRODUCTION
The coalescence of two black holes (BHs) is a fascinat-
ing process from a theoretical perspective: two regions
devoid of matter interact violently to produce enormous
amounts of gravitational radiation, leaving behind a sta-
tionary, vacuum solution of the field equations. In gen-
eral relativity (GR), this process is particularly interest-
ing since both the initial BH spacetimes and the final
state are characterized by only two parameters: their
mass and angular momentum [1, 2].
The transition from the initial to the final state is de-
scribed by the so-called “ringdown” phase, during which
the distorted remnant sheds away the nontrivial multi-
polar structure through gravitational waves, relaxing to
the final stationary solution. This exponential approach
to equilibrium is a property of many physical systems.
It can be mathematically described as a small deviation
away from the final state, or as the time window in which
the spacetime response to generic perturbations can be
decomposed into a set of quasinormal modes (QNMs)
characterized by complex frequencies [3, 4]. The ring-
down is of special relevance in the context of BH physics:
if GR is correct, then QNM frequencies must depend only
on the BH mass and spin, and therefore ringdown obser-
vations can provide simple and clean tests of GR [5–10].
It is generally accepted that GR does not offer the ul-
timate description of gravity. Rather, discrepancies in
its strong-field or large-scale descriptions will eventually
become apparent in a manner consistent with some of
its known conceptual problems [8, 11]. Thus, one ex-
pects that BH solutions will differ, if only slightly, from
those of GR, and that the dynamics of BHs will also be
described by slightly different equations. The correct de-
scription of gravity at all scales and energies is presently
unknown. Traditionally, the strategy has been to iden-
tify modified theories of gravity which contain new fea-
tures in their dynamics that could be smoking guns of
new physics. Once the theory is identified, one computes
its BH solutions, studies linearized perturbations around
these BH solutions, and finally solves the relevant equa-
tions to compute QNM frequencies.
Recent efforts have focused instead on understanding
the possible functional form of such corrections, using re-
summation methods. For example, effective field theory
(EFT) arguments can produce the general form of the
corrections in the absence of extra fundamental fields in
the problem [12]. Such corrections can then be used to
study BH solutions and their dynamics, most notably
their QNM spectra [13]. Once new fundamental fields –
for example scalars – are allowed, the dynamics become
intrinsically more complicated and richer phenomenology
arises from, for instance, the coupling between the scalar
and the gravitational degrees of freedom [14–16].
The (technical) burden of computing the QNMs can-
not be avoided. In the majority of the literature,
tools yielding approximate answers, such as WKB tech-
niques [17, 18], have been used. The errors involved in
ar
X
iv
:1
90
1.
01
26
5v
1 
 [g
r-q
c] 
 4 
Ja
n 2
01
9
2the WKB approximation can be rather large even in GR
(see e.g. Fig. 3 of Ref. [4]), and they are poorly known
in modified theories of gravity [19]. Clearly, when test-
ing GR precision physics will be involved. In addition,
it quickly becomes apparent that one is repeatedly solv-
ing the same equation (or systems of equations) with the
same boundary conditions and with results (the QNM
frequencies) which are but small modifications to the GR
predictions. This work is intended as a first step in the
general program to addressing the repetitive task of find-
ing the eigenvalues (i.e., the QNM frequencies) of these
ordinary differential equations. Once the linearized equa-
tions of motion around a BH spacetime are known, our
results can be used to find the corresponding QNM fre-
quencies. In this first work, for simplicity, we assume
that there are no couplings between the perturbation
equations. These complications will be addressed in a
forthcoming publication [20].
We also make the rather restrictive working hypothesis
that the underlying equations are separable, and that the
background GR solution is nonspinning. Many known
modified theories of gravity indeed yield separable equa-
tions for nonspinning background spacetimes, but it is
unclear whether this feature is generic. Certainly BHs
in our universe are spinning, generically breaking this
hypothesis. Nevertheless, our results are interesting on
their own and provide a better understanding of GR it-
self. Our formalism is theory-agnostic and background-
agnostic. While in principle it only applies to nonspin-
ning backgrounds, in Sec. VC we will show that, in
fact, it can be used to accommodate (in a perturbative
sense) the QNM frequencies of slowly spinning Kerr BHs.
Therefore our results seem to apply more broadly than
these restrictions might imply.
The plan of the paper is as follows. In Sec. II we
present the general perturbative framework underlying
our analysis. In Sec. III we present our main results and
their implications for isospectrality. In Sec. IV we dis-
cuss analytically and numerically the convergence of the
perturbative expansion, and we present a simple exam-
ple of a perturbation to the known GR potential that
may lead to divergences. In Sec. V we verify our formal-
ism in some interesting cases where QNM solutions are
known: an EFT calculation of deviations from GR, the
Reissner-Nordström (RN) solution, and scalar perturba-
tions are slowly rotating BHs. In Sec. VI we present a
preliminary estimate of the conditions under which per-
turbative deviations from the GR frequencies could be
detectable. We conclude in Sec. VII with a discussion of
the limitations of this analysis and directions for future
work. In Appendix B we prove that our assumed form
for the perturbative potentials is general enough for our
present purposes, and in Appendix C we study the large-`
(eikonal) limit of our approximation.
II. FRAMEWORK
In GR, gravitational fluctuations have two degrees of
freedom, which can be described by a linear combina-
tion Φ of the metric perturbations. In a nonspinning
background, such modes are described by an “axial” (or
odd, or Regge-Wheeler) and a “polar” (or even, or Zerilli)
equation of the form [21, 22],
f
d
dr
(
f
dΦ
dr
)
+ [ω2 − fV±]Φ = 0 , (1)
where f = 1 − rH/r, and rH is the horizon radius in
standard Schwarzschild coordinates.
The effective potential V± is
V− =
`(`+ 1)
r2
− 3rH
r3
(2)
for odd perturbations, and
V+ =
9λr2Hr + 3λ
2rHr
2 + λ2(λ+ 2)r3 + 9r3H
r3(λr + 3rH)2
(3)
for even perturbations, where λ = `2 + `− 2, and ` is an
angular harmonic index labeling the tensorial spherical
harmonics used to separate the angular coordinates from
the problem (the azimuthal index can be set to m = 0
for spherically symmetric backgrounds).
The dynamics of test scalar or vector fields in GR is
also described by similar master equations, with poten-
tials [4]
Vs =
`(`+ 1)
r2
+ (1− s2)rH
r3
, (4)
where s = 0, 1 for scalar and vector perturbations, re-
spectively.
Given the strong observational constraints on devia-
tions from GR [23], it might be expected that a more
fundamental description of gravity will add small correc-
tions to the GR description of astrophysical BHs. Such
corrections will slightly disturb both the equilibrium con-
figurations (the Schwarzschild geometry) and the equa-
tions governing dynamical fluctuations [24]. Our guid-
ing light is asymptotically flat spacetime and, therefore,
we parametrize the modified master equations by adding
power-law corrections to the effective potential:
V = V± + δV± , (5)
δV± =
1
r2H
∞∑
j=0
α±j
(rH
r
)j
(6)
for gravitational fluctuations and
V = Vs + δVs , (7)
δVs =
1
r2H
∞∑
j=0
βsj
(rH
r
)j
(8)
3for scalars and vectors. Here, α±j , β
s
j are constant co-
efficients. Since the maximum value of the j-th term
f(r)α±j (rH/r)
j is α±j (1 + 1/j)
−j/(j + 1), the smallness
of the corrections translates to the criterion:
(α±j , β
s
j ) (1 + 1/j)j(j + 1) . (9)
Note that α±0 and β
s
0 in Eqs. (6) and (8) are effectively
mass-square terms, hence they should be positive. Sim-
ilar constraints may apply to the j = 1 terms, which
dominate the potential at large distances and which are
therefore constrained by weak-field physics. For example,
a 1/r term appears when dealing with charged scalars
in a charged background (see, e.g., Eq. (4) in Ref. [25]
or Eq. (4.54) in Ref. [26]). As we show in Sec. V, the
leading-order coefficients (α0, β0 and β1, in the notation
of this section) are nonzero for charged (RN) or slowly ro-
tating Kerr BHs. Although these terms are dominant in
the power-law expansion – falling off even slower than the
GR terms – they should still be considered small when
compared to the GR potential V±,s, due to the smallness
of the parameters α±j , β
s
j .
In general, perturbation equations can be reduced to
the form (1), but with f 6= 1− rH/r. In Appendix A we
prove this for scalar and vector perturbations of static,
spherically symmetric spacetimes, which indeed obey a
generalized wave equation [Eq. (A4)]. However in Ap-
pendix B we show that, at linear order in perturbations,
Eq. (A4) is in fact equivalent to Eq. (1). Gravitational
perturbations depend on the chosen modified gravity the-
ory, so it is nontrivial to provide a general proof that they
always reduce to Eq. (A4), but in Appendix A we pro-
vide arguments supporting this conclusion. Note that,
as we show below, even perturbations of slowly rotating
BHs can be accommodated within our formalism, so its
regime of validity may be larger than anticipated.
The parametrization used here embodies both the
change in the background spacetime and the change in
the dynamical equations. It assumes no couplings to
other fundamental degrees of freedom, and it also as-
sumes no coupling between the odd and even modes;
these issues will be addressed in a forthcoming study [20].
As predicted by perturbation theory [27, 28], we find
that the QNM frequencies for these potentials are de-
scribed by small corrections to the GR modes [4, 5, 29]:
ω±QNM = ω
±
0 +
∞∑
j=0
α±j e
±
j , (10)
ωsQNM = ω
s
0 +
∞∑
j=0
βsjd
s
j . (11)
The frequencies in GR ω±0 , ω
s
0 can be found online [4,
5, 29, 30]. The corrections in the frequencies are lin-
ear in the corrections to the potentials, and the complex
numbers (e±j , d
s
j), which represent a “basis” set1 for the
1 We use this terminology for convenience, but we make no claims
j rH e
−
j rH d
0
j
0 0.24725+0.092643i 0.15782+0.054078i
1 0.15985+0.018208i 0.11307+0.015119i
2 0.096632-0.0024155i 0.076570+0.00016782i
3 0.058491-0.0037179i 0.051121-0.0032973i
4 0.036679-0.00043870i 0.034527-0.0024724i
10 0.0036853+0.0065244i 0.0050350+0.0037363i
TABLE I. Real and imaginary part of a few of the first
frequency components for odd-parity gravitational (e−j ) and
scalar field (d0j ) perturbations with ` = 2. The full set of
frequencies up to j = 100 is provided online [30].
perturbations, must be computed numerically. Below,
when the context is clear, we omit the superscripts from
the coefficients (ej , dj) for simplicity.
We should note that, generically, there are frequency-
dependent terms in the corrections to the potential. In
our approach, any ω-dependent term in the perturbing
potential should be set to ω0, thereby corresponding to a
redefinition of α±j . We have indeed verified numerically
that the induced corrections are linear in the perturba-
tions to the potential, and that ω-dependent terms can
be handled by setting them equal to their GR value.
Corrections to the QNM frequencies scale linearly with
corrections to the potential appearing in the master equa-
tion. In a forthcoming paper we will show that, when
couplings between fluctuations are allowed, corrections in
the frequency appear at quadratic order in the couplings.
In some modified gravity theories both corrections are
of the same order of magnitude, and therefore couplings
cannot be neglected. These issues will be addressed in a
separate study [20].
III. RESULTS
The most important results of our analysis are the nu-
merical values of the complex factors e±j and d
s
j , which
were obtained via high-precision direct integration of the
relevant equations. Figure 1 and Table I show represen-
tative results for the coefficients e±j and d
s
j in (10) and
(11) for odd gravitational and scalar modes, respectively.
Results for all fields and the lowest multipole numbers
` = |s|, |s+ 1|, ..., 10 are available online [30]. Our calcu-
lated e±j (and d
s
j) have a 5-digit accuracy for j . 30.
A. Isospectrality
A remarkable result in GR concerns the isospectrality
of potentials (2) and (3). These potentials are sometimes
referred to as “superpartners,” since they can both be
on the completeness of this basis.
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FIG. 1. Real and imaginary parts of the components e−j defined in (10) for j = 1, . . . 20 and odd-parity gravitational perturba-
tions.
obtained from a “superpotential” W0 [4, 31]:
fV± = W 20 ∓ f
dW0
dr
− λ
2(λ+ 2)2
36r2H
, (12)
W0 =
3rH(rH − r)
r2(3rH + λr)
− λ(λ+ 2)
6rH
. (13)
When the potentials are perturbed from their GR val-
ues as in Eq. (6), isospectrality will in general be broken,
unless the coefficients α+j are related in some way to α
−
j .
The linearized superpartner relations now yield
2
dδW
dr
= δV− − δV+ , (14)
4
W0
f
δW = δV+ + δV− , (15)
with δW the induced change in the superpotential W
with respect to its GR value W0 [Eq. (13)].
Let us admit that the theory predicts a set of α−j . Then
the relations above give us a unique possibility for α+j , in
particular:
α+2 = α
−
2 , (16)
α+3 = α
+
3 −
12rH
λ(λ+ 2)
α+2 . . . (17)
These relations show that isospectrality is very fragile,
and that in general it will be broken.
IV. ASYMPTOTIC BEHAVIOR AND
CONVERGENCE OF SERIES
Having defined the “basis vectors” ej , it is crucial to
investigate their behavior, and the overall convergence
of the QNM frequency expansion (10). For large j, the
contribution to the potential from the j-th term behaves
as
fr2HδVj = fα
±
j
(rH
r
)j
' α
±
j
ej
e−(r∗+rH ln j)
2/(2r2H) ,(18)
showing that the location of the peak is proportional to
− ln j (in terms of the tortoise coordinate r∗). Also, since
the amplitude of fδVj is proportional to 1/j for large j,
we can expect that ej → 0 for j → ∞. Following [32], a
perturbative expansion of the QNM frequency yields the
following correction:
ejα
±
j ∝
∫ ∞
−∞
dr∗fr2HδVjΦ
2
0 , (19)
where Φ0 is the unperturbed mode itself.
Let us assume that fδVj has support only in −rH ln j−
rHσ ≤ r∗ ≤ −rH ln j + rHσ, with a constant σ = O(1)
(the particular choice of σ does not affect our results.)
Then the integral can be estimated as follows:
ejα
±
j ∝
∫ −rH ln j+rHσ
−rH ln j−rHσ
dr∗fδVjΦ20
=
∫ −rH ln j+rHσ
−rH ln j−rHσ
dr∗
α±j
ej
e−(r∗+rH ln j)
2/(2r2H)e−i2ω0r∗
=
α±j
j
j2irHω0 × constant . (20)
In conclusion we find
ej ∝ j
2iω0rH
j
=
j2irHωR−2rHωI
j
=
e2irHωR ln j
j1+2rHωI
, (21)
where ω0 = ωR + iωI . Eq. (21) shows that the ba-
sis frequency ej decays as 1/j1+2rHωI , and oscillates as
sin(2rHωR ln j). For tensor perturbations2 with ` = 2,
we have ej ' e1.5i ln jj0.64 . This result is also confirmed by a
numerical study of ej for large j. We fitted our large-j
numerical results to the following functional form:
ej ∼ κ
jβ
sin(γ ln j + ζ) , (22)
2 Note that Eq. (19) holds regardless of the overtone number and
of the multipole number of the mode, if j is sufficiently large.
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FIG. 2. Values of the frequency components e−j (red dots)
for the odd tensor modes with ` = 2, compared against the
numerical fit of Eq. (22) (black dashed curve).
with (κ, β, γ, δ) numerical coefficients to be determined.
We find β ' 0.66 and γ ' 1.5, in very good agreement
with the analytical estimate of Eq. (21). Figure 2 com-
pares the fit with the actual data for ej . The agreement
is extremely good, and it is strong evidence in support of
the asymptotic behavior (21).
Having assessed the asymptotic properties of the basis
ej , we can now study in detail the convergence of the fre-
quencies ωQNM. We assume that the effective potential of
the specific theory under consideration is C∞, such that
we can expand it for large distances as δV =
∑∞
j=0
aj
rj ,
where the aj ’s are constant coefficients. Moreover, follow-
ing our formalism developed in Sec. II, we expand the cor-
rections with respect to the Schwarzschild term according
to Eq. (6), such that a mapping exists between the α±j
and the coefficients of the theory aj , i.e. α±j = r
2
H
aj
rjH
. To
study the convergence of the QNM expansion (10), we
can compute the ratio
Υ = lim
n→∞
∣∣∣∣∣α±n+1en+1α±n en
∣∣∣∣∣ . (23)
The series converges when Υ < 1. Replacing the explicit
form of the expansion coefficients α±j , and using the fact
that the frequency “basis vectors” ej behave as in Eq. (22)
– or equivalently Eq. (21) – we find
Υ = lim
n→∞
∣∣∣∣an+1an n
β
nβ+1
sin[γ ln(n+ 1) + ζ]
rH sin[γ lnn+ ζ]
∣∣∣∣ = limn→∞
∣∣∣∣an+1an
∣∣∣∣ .
The previous equation implies that, in our approach, the
convergence of the QNM frequencies depends on the be-
havior of the coefficients of the (expanded) potential for
the specific theory of gravity.
As a nontrivial example to test the formalism, consider
the case
r2HδV = 10
−2 ρ
k
0
ρk0 + r
k
= 10−2
∞∑
j=1
(−1)j+1
(ρ0
r
)kj
,
(24)
where ρ0 is a constant, and α±j = (−1)j+110−2(ρ0/rH)kj .
For this potential the convergence criterion reduces to
Υ = lim
n→∞
∣∣∣∣ρn+10ρn0
∣∣∣∣ = |ρ0| , (25)
and therefore the perturbative formalism is valid if ρ0 <
1.
V. EXAMPLES
In this section we will provide some specific examples of
theories of gravity whose gravitational perturbations can
be described in terms of a master equation with the same
functional form of Eq. (1). In order to determine the
domain of validity and the accuracy of our semianalytical
approach, we will compare the results obtained by solving
the exact equations of the theory on a case-by-case basis
with the frequencies computed through Eq. (10).
A. Effective Field Theory
An interesting scenario to test against our formalism
is given by the BH solutions derived within an EFT ap-
proach in Refs. [12, 13]. Deviations from GR in this
theory are characterized by three coupling parameters,
which define the scale of the strong curvature modifi-
cations. For the sake of simplicity, we focus on a sin-
gle coupling parameter, namely Λ˜ (2 in the notation of
Ref. [13], which we adopt). In this setup, nonspinning
BHs are described by the Schwarzschild geometry, and
its axial perturbations lead to the following wave equa-
tion:
d2Ψ−
dr?
+
[
ω2 − f(V− + δV−)
]
Ψ− = 0 , (26)
where V− is given by Eq. (2), while the extra term in the
effective potential reads,
δV− = 2
18(`+ 2)(`+ 1)(`− 1)r8H
r10
. (27)
Note that in this case f = 1 − rH/r and dr/dr? = f .
According the formalism developed in Sec. II, the only
coefficient of the expansion (10) is then
α−10 = 18(`+ 2)(`+ 1)(`− 1)2 . (28)
From Table I we read off rHω = rHω0+0.06633542(`−
1)(`+ 1)(`+ 2). For ` = 2 this leads to a fractional devi-
ation from GR of 2(2.13,−15.84) in the real and imag-
inary components, respectively, in excellent agreement
with published results: cf. Eqs. (20) of Ref. [13]. We find
a similar level of agreement for higher-` modes.
B. Reissner-Nordström black holes
The odd-mode gravitational perturbations of RN BHs
are driven by the master equation
fRN
d
dr
(
fRN
dΦ
dr
)
+ (ω2 − fRNVRN)Φ = 0 , (29)
6with
fRN = 1− 2M
r
+
Q2
r2
=
(
1− rH
r
)(
1− r−
r
)
, (30)
VRN =
`(`+ 1)
r2
+
4rHr−
r4
− 3(rH + r−)
2r3
−
√
4(`− 1)(`+ 2)rHr− + 94 (rH + r−)2
r3
. (31)
We will consider the charge Q – or, equivalently, the
Cauchy horizon radius r− ∼ Q2/(2M) – to be a small
perturbation. According to the procedure in Appendix
B, introducing φ =
√
ZΦ = (1−r−/r)1/2 Φ, we can write
the master equation in the form
f
d
dr
(
f
dφ
dr
)
+
[(
1− r−
rH
)−2
ω2 − f(V− + δV )
]
φ = 0 ,
(32)
with
δV = 2r−rHω20 +
r−
r3H
(rH
r
)3 [5
2
rH
r
− λ+ 6
3
]
, (33)
where f = 1 − rH/r and we ignored O(r2−) terms. We
can now apply our formalism to RN perturbations. The
coefficients of the effective potential expansion (10) read:
α−0 =
2r−
rH
(ω0rH)
2, α−3 = −
(λ+ 6) r−
3rH
, α−4 =
5r−
2rH
.
Thus, the QNMs for ` = 2 can be written as
ωQNM =
(
1− r−
rH
)
(ω0 + e0α
−
0 + e3α
−
3 + e4α
−
4 )
= ω0 − ω0 r−
rH
+ e0α
−
0 + e3α
−
3 + e4α
−
4
= ω0 +
(0.0258177 − 0.002824i)Q2
M3
, (34)
where rH = M +
√
M2 −Q2, r− = M −
√
M2 −Q2,
and in the last line we have expanded the equation up to
order O(Q2). Using the notation of Ref. [28], these re-
sults imply (α−R, α
−
I ) = (−6.9,−3.2)×10−8[Q/(10−3M)],
in excellent agreement with reported values in the liter-
ature [28, 33, 34].
We can quantify the accuracy of our approach and es-
timate the uncertainty on the non-GR modifications of
the QNM frequencies by defining
∆R = |Re(ωQNM − ωGR)/Re(ωfull − ωGR)− 1| , (35)
∆I = |Im(ωQNM − ωGR)/Im(ωfull − ωGR)− 1| , (36)
where ωfull is computed by numerically solving the exact
master equation without any approximation, and ωQNM
is given by Eq. (34). For Q/M = 0.2, for example, the
QNMs frequencies derived using Eq. (34) agree to within
0.05% with those in Ref. [33]. The errors obtained for
different values of Q/M are listed in Table II.
The relative uncertainties ∆R,I grow with Q/M up
to ∼ 10% (4%) for the real (imaginary) component of
Q/M ∆R ∆I
0.00 0% 0%
0.05 0.11% 0.042%
0.10 0.43% 0.17%
0.20 1.7% 0.66%
0.30 3.8% 1.5%
0.40 6.8% 2.6%
0.50 11% 4.2%
TABLE II. Relative percentage errors on the real and imag-
inary parts of the QNMs for RN BHs, as a function of the
charge-to-mass ratio Q/M .
the mode’s frequency when Q/M = 0.5. This behavior is
consistent with the assumptions made to obtain Eq. (34),
in which we neglected terms that are order O((α±j )2),
the latter corresponding to ignoring O(Q4) corrections
to the RN perturbations. Therefore, for large values of
Q, a better accuracy would require to compute ωQNM by
including second-order terms in both α+j and α
−
j .
C. Scalars around a slowly-spinning black hole
The massless Klein-Gordon equation Ψ = 0 around
a slowly rotating Kerr BH can be written as
f
d
dr
(
f
d
dr
)
Φ +
(
ω2 − fV0 − 4amMω
r3
)
Φ = 0 , (37)
at O(a), where f = 1 − 2M/r, a/M is the BH angular
momentum, and we assumed Ψ = e−iωtY`m(θ, φ)Φ(r)/r.
We can rewrite this equation in the following form:
f
d
dr
(
f
d
dr
)
Φ +
[(
ω − am
r2H
)2
− f
(
V0 − 2amω
r2H
−2amω
r2H
rH
r
− 2amω
r2H
(rH
r
)2)]
Φ = 0, (38)
where we used rH = 2M +O(a2). Thus
β00 = β
0
1 = β
0
2 = −2amω00 , (39)
and we find:
ωQNM = ω
0
0 +
am
r2H
− 2amω00(d00 + d01 + d02) . (40)
Comparing these results with numerical data for ` = m =
2 [4, 30], we find the relative percentage errors (∆R,∆I)
listed in Table III. Our formula is a good approximation
for very small a/M ∼ 10−4. For a/M ∼ 10−2 the agree-
ment gets worse, especially in the imaginary component.
We find that a/M  10−2 is a necessary condition for
our approximation to be valid.
VI. STATISTICAL ERRORS
In this section we analyze the detectability of the mod-
ifications of the QNM spectrum by space and terrestrial
7a/M ∆R ∆I
0 0% 0%
10−4 0.0050% 0.83%
10−3 0.049% 5.1%
10−2 0.49% 34%
TABLE III. Relative percentage errors in the real and imag-
inary parts of the QNM frequencies for scalar perturbations
around a slowly spinning black hole, as a function of the BH
angular momentum a/M .
GW interferometers. We follow the approach described
in Ref. [5], and we refer the reader to this paper and refer-
ences therein for further details. Since we are interested
only in an order-of-magnitude estimate of the associated
observational errors, we assume that the mass of the BH
is known (and therefore that the fundamental GR fre-
quencies are known). For a more sophisticated analysis,
we refer the reader to Refs. [7, 35].
The gravitational waveform measured by the inter-
ferometers is a linear superposition of two polarization
states of the form h = h+F+ + h×F×, where F+ and F×
denotes the standard pattern functions (which depend on
the source orientation with respect to the detector and
on a “polarization angle”). In the frequency domain, the
two GW components are simply given by
h˜+(f) =
A+`mn√
2
[eiφ
+
`mnS`mnb+(f) + e
−iφ+`mnS?`mnb−(f)] ,
h˜×(f) =− iA
×
`mn√
2
[eiφ
×
`mnS`mnb+(f) + e
−iφ×`mnS?`mnb−(f)] ,
where the amplitude coefficients A+,×`mn and the phase co-
efficients φ+,×`mn are real, S`mn represent the (complex)
spin-weighted spheroidal harmonics of spin weight 2,
which depend on the polar and azimuthal angles, and
b±(f) are the Breit-Wigner functions:
b±(f) =
−Im[ω`mn]
Im[ω`mn]2 + (ω ± Re[ω`mn])2 . (41)
For simplicity, we consider A×`mn = N×A
+
`mn and φ
×
`mn =
φ+`mn + φ0, where N× and φ0 are a scale factor and a
phase shift, which are assumed to be known.
Moreover, consistently with the approach introduced
in Sec. II, we express the modes’ frequency and damp-
ing time as (small) deviations of the corresponding
Schwarzschild values: ω`mn = ω0`mn + δω, where δω =
δω1 + iδω2. The GW signal is then completely speci-
fied by 4 parameters, (A+`mn, φ
±
`mn, δω1, δω2). In order
to estimate the errors on the coefficients δω1,2, we con-
sider a Fisher matrix approach, which is a reliable ap-
proximation of a full Bayesian analysis for signals with
high signal-to-noise ratios [36]. For this reason we fo-
cus on possible detections by the space interferometer
LISA [37], an ideal tool to exploit the full potential of
QNM spectroscopy [38–40]. Finally, we set N× = 1, and
FIG. 3. Contour plot for the relative errors on the parameters
δω1 which modifies the frequency of the ` = 2 fundamental
BH mode. Vertical dashed lines represent configurations that
lead to 20% and 1% fixed uncertainty. The red star identi-
fies the values on (δω1, δω2) for the EFT model described in
Sec. VA.
φ±`mn = φ0 = 0. We compute the errors on the funda-
mental ` = 2 mode of nonspinning BHs, averaging over
sky orientation through the following identities:
〈F 2+〉 = 〈F 2×〉 =
1
5
, 〈F+F×〉 = 0 , 〈|Slmn|2〉 = 1
4pi
.
(42)
Note that the amplitude of the signal depends in gen-
eral on the mass, the source distance, and the energy
released during the ringdown [5]. For simplicity, here we
fix A+`mn by requiring that for δω1 = δω2 = 0 the signal-
to-noise ratio is equal to 104 (a typical value for LISA
sources [40]).
The contour plot of Fig. 3 shows the relative er-
rors σδω1/δω1 as a function of various combinations of
(δω1, δω2). Dashed white curves identify all the possible
GR modifications that lead to uncertainties of 20% and
1%. We immediately note from the plot that the values of
σδω1/δω1 are almost completely degenerate with respect
to δω2. More interestingly, all the parameter space sam-
pled seems to indicate that LISA would be able to provide
high-precision measurements of the frequency shifts, with
a relative accuracy better than 1%. This is extremely
promising for some of the GR modifications which are
currently under investigation. For the EFT described in
Sec. VA, and identified by a red star in Fig. 3, the fre-
quency change δω1 could be constrained with an error of
∼ 20%.
We obtain similar results for the second parameter δω2,
with relative uncertainties being always below ∼ 50% for
all the configurations analyzed. Note finally that a differ-
ent choice of the waveform parameters, like the quality
factor Q`mn = Re[ω`mn]/Im[ω`mn]/2, may provide bet-
8ter results. We defer more detailed investigations of the
statistical errors, as well a multiband analysis including
third-generation detectors [6, 41], to future work.
VII. DISCUSSION
Our results yield (modulo an algebraic multiplication
and sum) the QNM frequencies of any BH spacetime,
provided that it describes a small deviation away from
the Schwarzschild geometry. Thus, step 4 in the abstract
can be avoided altogether by using our results, which are
available online.
There are some important open questions, in particu-
lar the extension to coupled master equations [20]. The
expansion (6) describes many known theories, and is “rea-
sonable.” However, our formalism requires Υ in eq. (23)
to be smaller than unity. This restricts the possible space
of theories, as we discussed in the example of Eq. (24). In
fact, we suspect that potentials localized far away from
the horizon may be hard to accommodate: perturbation
theory projects the perturbing potential onto the undis-
turbed QNMs, but these diverge exponentially at large
distances. Thus, there are known, exponentially sensitive
corrections when the potentials have structure at large
distances [28, 32, 42].
Alternative expansions are possible, and have been
used. Since the GR QNMs are strongly connected to the
light ring [4, 43, 44], a tempting alternative is to expand
the perturbing potential around the light ring [16, 19].
Such an approach is adequate for approximate, WKB-
like expansions, but it may not be suitable for accurate
numerical results.
It is intrinsic to our approach (and to many others)
that the calculations are performed in a very special co-
ordinate system, and the gauge invariance of the final
results is not obvious. On the other hand, background
solutions in generic theories are also usually written in
very special coordinate systems. This weakness comes
hand in hand with the power of the present approach: it
handles any potential, but it is blind to the underlying
theory or background. This blindness prevents us from
understanding the connection between the expansion pa-
rameters in the potentials and the metric multipoles, or
to explore the possible connection between geodesic mo-
tion and QNMs [44].
Finally, we should highlight the fact that our results
apply only to those modes which differ slightly from
those of GR. The addition of a small perturbation to
a known potential causes the appearance of both a per-
turbatively small correction to the modes, and new non-
perturbative solutions. Take for instance the term β0 for
scalar perturbations, which is equivalent to a mass pa-
rameter µ2 = β0/r2H . It is well known that for small µ,
the GR QNMs are slightly displaced, and a new quasi-
bound state with frequency ω2 ∼ µ2 − r2Hµ4/(4(`+ 1)2)
branches off from a zero-mode in the zero-mass limit
[26, 45, 46]. We find, numerically and analytically, that a
similar mode exists when α0 is turned on. Such phenom-
ena occur in electromagnetic waveguides as well [47, 48].
Our analysis is unable to cover systematically the emer-
gence of these new families of modes.
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Appendix A: Klein-Gordon and Maxwell equations
in static, spherically symmetric spacetimes
Consider a static, spherically symmetric spacetime
ds2 = −ftdt2 + 1
fr
dr2 + r2(dθ2 + sin2 θdφ2) , (A1)
with ft = ft(r), fr = fr(r). The Klein-Gordon equation
Ψ = 0 on this background spacetime reads√
ftfr
[√
ftfr(Φ
0)′
]′
+
[
ω2 − ft `(`+ 1)
r2
− (ftfr)
′
2r
]
Φ0 = 0 ,
where primes stand for radial derivatives, and the scalar
Ψ = e−iωtY`mΦ0(r)/r. Similarly, the Maxwell equations
9∇µFµν = 0 with Fµν = ∂µAν − ∂νAµ reduce to a single
master equation√
ftfr
[√
ftfr(Φ
1,±)′
]′
+
[
ω2 − ft `(`+ 1)
r2
]
Φ1,± = 0 ,
where we assumed
Aµdx
µ = at(r)e
−iωtY`mdt+ ar(r)e−iωtY`mdr
+a+(r)e
−iωt(∂θY`mdθ + ∂φY`mdφ)
+a−(r)e−iωt
(
∂φY`m
sin θ
dθ − ∂θY`mdφ
)
,(A2)
and
Φ1,+ =
√
ftfrar
iω
, Φ1,− = a− . (A3)
When the spacetime is close to the Schwarzschild space-
time, we can assume ft = (1 − rH/r)[1 + δt(r)], fr =
(1−rH/r)[1+δr(r)], with δt,r small quantities. Therefore
the perturbations induced by scalar and vector fields on
a spherically symmetric background can always be cast
in the form
F
d
dr
[
F
dΦ
dr
]
+ (ω2 − FV¯ )Φ = 0, (A4)
with
F (r) ≡ f(r)Z(r) =
(
1− rH
r
)
Z(r). (A5)
The description of tensor perturbations requires a
knowledge of the underlying gravitational theory. While
we do not have a rigorous proof, we expect that under
the assumptions spelled out in the Introduction it should
be possible to reduce tensor perturbations to the study
of Eq. (A4). As shown in Ref. [13], even when the equa-
tions of motion are of higher order, the relations between
metric quantities in GR at zeroth order can be used to
eliminate higher-order derivatives. Then, algorithms sim-
ilar to that introduced within GR in Ref. [22] can be used
to cast the equations in the form (A4).
Appendix B: Transformation to Eq. (1)
As shown in Appendix A, when working out the pertur-
bation equations the “natural” form of the master equa-
tion is not our Eq. (1), but rather Eq. (A4). Defining
φ ≡ √ZΦ, Eq. (A4) reads
f
d
dr
[
f
dφ
dr
]
+
[
ω2
Z2
− fV
]
φ = 0 , (B1)
V =
V¯
Z
− f(Z
′)2 − 2Z(fZ ′)′
4Z2
. (B2)
If V¯ and Z are written in terms of small perturbations
δV¯ and δZ as
V¯ = VGR + δV¯ , (B3)
Z = 1 + δZ , (B4)
then the potential V becomes (to leading order in the
perturbations)
V = VGR + δV¯ − VGRδZ + 1
2
(fδZ ′)′ , (B5)
and the frequency-dependent term in Eq. (B1) reads
ω2
Z2
= ω2 [1− 2δZ(rH)]− 2ω2 [δZ(r)− δZ(rH)] .(B6)
The factor [1− 2δZ(rH)] in the first term on the right-
hand side amounts to a rescaling of the frequencies. The
second term on the right-hand side vanishes at r = rH ,
so one can factor out f in this term and absorb it in the
perturbed potential. Therefore Eq. (A4) is equivalent to
the starting point of our analysis, i.e. Eq. (1).
Appendix C: e±2 and e
±
3 for large `
We can regard the deviation between V+ in Eq. (3) as
V− in Eq. (2) as a small correction for large `, because
V+ − V− = O(`−2). More explicitly, we have
V+ = V− +
1
r2H
[
−12
`2
(rH
r
)3
+
18
`2
(rH
r
)4]
+
1
r2H
[
12
`3
(rH
r
)3
− 18
`3
(rH
r
)4]
+O(`−4). (C1)
Since V+ − V− can be expanded in powers of rH/r and
the series is convergent in rH ≤ r < ∞, we can apply
our formalism to this case. From our QNM formula, the
relation
ω+QNM = ω
−
QNM + 6(−2e−2 + 3e−3 )
(
1
`2
− 1
`3
)
+O(`−4),
should hold. On the other hand, because QNM frequen-
cies for even and odd modes are the same, we can obtain
the large-` relations
e−3 = 2e
−
2 /3 +O(`−2) , (C2)
e+3 = 2e
+
2 /3 +O(`−2) . (C3)
A numerical calculation shows that |1 − 2e−2 /(3e−3 )| is
0.016 for ` = 10, and 0.0082 for ` = 20. This is consistent
with the fact that the error is of order O(`−2). We should
note that since our QNM formula contains an error of
order O((α2)2) = O(`−4), we cannot obtain relations for
ej with j ≥ 4.
10
[1] P. T. Chrusciel, J. Lopes Costa, and M. Heusler, Living
Rev. Rel. 15, 7 (2012), arXiv:1205.6112 [gr-qc].
[2] V. Cardoso and L. Gualtieri, Class. Quant. Grav. 33,
174001 (2016), arXiv:1607.03133 [gr-qc].
[3] S. Chandrasekhar and S. L. Detweiler, Proc. Roy. Soc.
Lond. A344, 441 (1975).
[4] E. Berti, V. Cardoso, and A. O. Starinets, Class. Quant.
Grav. 26, 163001 (2009), arXiv:0905.2975 [gr-qc].
[5] E. Berti, V. Cardoso, and C. M. Will, Phys. Rev. D73,
064030 (2006), arXiv:gr-qc/0512160 [gr-qc].
[6] E. Berti, A. Sesana, E. Barausse, V. Cardoso, and
K. Belczynski, Phys. Rev. Lett. 117, 101102 (2016),
arXiv:1605.09286 [gr-qc].
[7] J. Meidam, M. Agathos, C. Van Den Broeck, J. Veitch,
and B. S. Sathyaprakash, Phys. Rev.D90, 064009 (2014),
arXiv:1406.3201 [gr-qc].
[8] E. Berti et al., Class. Quant. Grav. 32, 243001 (2015),
arXiv:1501.07274 [gr-qc].
[9] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys.
Rev. Lett. 116, 221101 (2016), [Erratum: Phys. Rev.
Lett.121,no.12,129902(2018)], arXiv:1602.03841 [gr-qc].
[10] E. Berti, K. Yagi, H. Yang, and N. Yunes, Gen. Rel.
Grav. 50, 49 (2018), arXiv:1801.03587 [gr-qc].
[11] L. Barack et al., (2018), arXiv:1806.05195 [gr-qc].
[12] S. Endlich, V. Gorbenko, J. Huang, and L. Senatore,
JHEP 09, 122 (2017), arXiv:1704.01590 [gr-qc].
[13] V. Cardoso, M. Kimura, A. Maselli, and L. Senatore,
Phys. Rev. Lett. 121, 251105 (2018), arXiv:1808.08962
[gr-qc].
[14] O. J. Tattersall, P. G. Ferreira, and M. Lagos, Phys.
Rev. D97, 044021 (2018), arXiv:1711.01992 [gr-qc].
[15] O. J. Tattersall and P. G. Ferreira, Phys. Rev. D97,
104047 (2018), arXiv:1804.08950 [gr-qc].
[16] G. Franciolini, L. Hui, R. Penco, L. Santoni, and
E. Trincherini, (2018), arXiv:1810.07706 [hep-th].
[17] B. F. Schutz and C. M. Will, The Astrophysical Journal
Letters 291, L33 (1985).
[18] S. Iyer and C. M. Will, Phys. Rev. D 35, 3621 (1987).
[19] K. Glampedakis, G. Pappas, H. O. Silva, and E. Berti,
Phys. Rev. D96, 064054 (2017), arXiv:1706.07658 [gr-
qc].
[20] R. McManus et al., To be submitted (2019).
[21] T. Regge and J. A. Wheeler, Phys.Rev. 108, 1063 (1957).
[22] F. J. Zerilli, Phys.Rev.Lett. 24, 737 (1970).
[23] C. M. Will, Living Rev. Rel. 17, 4 (2014),
arXiv:1403.7377 [gr-qc].
[24] E. Barausse and T. P. Sotiriou, Phys. Rev. Lett. 101,
099001 (2008), arXiv:0803.3433 [gr-qc].
[25] S. Hod and T. Piran, Phys. Rev. D58, 024017 (1998),
arXiv:gr-qc/9712041 [gr-qc].
[26] R. Brito, V. Cardoso, and P. Pani, Lect. Notes Phys.
906, pp.1 (2015), arXiv:1501.06570 [gr-qc].
[27] P. T. Leung, Y. T. Liu, W. M. Suen, C. Y. Tam, and
K. Young, Phys. Rev. Lett. 78, 2894 (1997), arXiv:gr-
qc/9903031 [gr-qc].
[28] E. Barausse, V. Cardoso, and P. Pani, Phys. Rev. D89,
104059 (2014), arXiv:1404.7149 [gr-qc].
[29] E. W. Leaver, Proc. Roy. Soc. Lond. A402, 285 (1985).
[30] http://blackholes.ist.utl.pt/?page=Files
https://pages.jh.edu/~eberti2/ringdown/.
[31] S. Chandrasekhar, in Oxford, UK: Clarendon (1992) 646
p. (1985).
[32] P. T. Leung, Y. T. Liu, W. M. Suen, C. Y. Tam, and
K. Young, Phys. Rev. D59, 044034 (1999), arXiv:gr-
qc/9903032 [gr-qc].
[33] K. D. Kokkotas and B. G. Schmidt, Living Rev. Rel. 2,
2 (1999), arXiv:gr-qc/9909058 [gr-qc].
[34] E. Berti and K. D. Kokkotas, Phys. Rev. D71, 124008
(2005), arXiv:gr-qc/0502065 [gr-qc].
[35] V. Cardoso, C. F. B. Macedo, P. Pani, and V. Ferrari,
JCAP 1605, 054 (2016), arXiv:1604.07845 [hep-ph].
[36] M. Vallisneri, Phys. Rev. D77, 042001 (2008), arXiv:gr-
qc/0703086 [GR-QC].
[37] H. Audley, S. Babak, J. Baker, E. Barausse, P. Bender,
E. Berti, P. Binetruy, M. Born, D. Bortoluzzi, J. Camp,
C. Caprini, V. Cardoso, M. Colpi, J. Conklin, N. Cornish,
C. Cutler, et al., ArXiv e-prints (2017), arXiv:1702.00786
[astro-ph.IM].
[38] E. Berti, J. Cardoso, V. Cardoso, and M. Cavaglia, Phys.
Rev. D76, 104044 (2007), arXiv:0707.1202 [gr-qc].
[39] V. Baibhav, E. Berti, V. Cardoso, and G. Khanna, Phys.
Rev. D97, 044048 (2018), arXiv:1710.02156 [gr-qc].
[40] V. Baibhav and E. Berti, (2018), arXiv:1809.03500 [gr-
qc].
[41] A. Maselli, K. D. Kokkotas, and P. Laguna, Physical
Review D 95, 4 (2017).
[42] V. Cardoso, E. Franzin, and P. Pani, Phys. Rev.
Lett. 116, 171101 (2016), [Erratum: Phys. Rev.
Lett.117,no.8,089902(2016)], arXiv:1602.07309 [gr-qc].
[43] V. Ferrari and B. Mashhoon, Phys. Rev. D30, 295
(1984).
[44] V. Cardoso, A. S. Miranda, E. Berti, H. Witek,
and V. T. Zanchin, Phys. Rev. D79, 064016 (2009),
arXiv:0812.1806 [hep-th].
[45] S. L. Detweiler, Phys. Rev. D22, 2323 (1980).
[46] V. Cardoso and S. Yoshida, JHEP 07, 009 (2005),
arXiv:hep-th/0502206 [hep-th].
[47] J. Goldstone and R. L. Jaffe, Phys. Rev. B45, 14100
(1992).
[48] J. P. Carini, J. T. Londergan, K. Mullen, and D. P.
Murdock, Phys. Rev. B48, 4503 (1993).
